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An isoparametric ﬁnite point interpolation method (IFPIM) with weak and strong forms has
been developed to analyze evaporative laser drilling. The method is based on isoparametric
ﬁnite point representation of the unknowns in the inﬂuence domain. The local inﬂuence
domains are mapped onto a master domain where the shape functions and their
derivatives are known. The solution in the master domain is approximated by a linear com-
bination of shape functions. The present method employs a simple strong form in the
domain and a weak form on the boundary. Three different types of boundary conditions
considered are of essential, convection, and laser irradiation type. The problem is geomet-
rically nonlinear because the domain is not known a priori due to material removal in
drilling. An iterative scheme is used to solve the nonlinear problem. The material removal
is handled by redistributing points in the domain. This renders the point distribution non-
uniform as in random distribution. The numerical results show excellent agreement with
those by FEM and BEM in terms of groove shape, temperature and heat ﬂux distributions,
and amount of material removal. The results are superior to those from the isoparametric
ﬁnite point interpolation methods with only strong forms.
 2011 Elsevier Inc. All rights reserved.1. Introduction
With advancement of technology, the simulation requires increasingly demanding problems such as large deformation,
complex geometry, nonlinear problems, discontinuities and singularities, and interdisciplinary problems. Until recently the
main computational tools such as FEM, BEM, FDM and other CFD are based on the mesh in the domain. The elemental
approximate solution on each element is assembled based on the mesh. Consequently, the numerical solution heavily de-
pends on the mesh. For large and complex domain, discretizing the domain into proper mesh may not be easy and lead
to poor numerical results. Noting the drawback of mesh-dependent methods and new demanding problems, there have been
signiﬁcant efforts recently to develop various meshfree methods and have achieved remarkable progresses in many areas.
As early as 1977, several authors [1,2] used smooth particle hydrodynamics (SPH) method for ﬂuid and astrophysical
problems. The SPH method divides the ﬂuid into a set of discrete elements, so called particles. The ﬂuid properties are
smoothed by a kernel function over the spatial distance between particles, so called, smoothing length. The SPH method
was followed by other meshless methods.
The diffuse element method (DEM) [3] uses a set of points for function approximation with moving least square (MLS)
method to solve ﬂuid dynamic problems. The element free Galerkin (EFG) method [4] is a result of reﬁnement of DEM. In
the EFGM the integration is performed at each integration point of a simple integration cell (i.e., inﬂuence domain) different. All rights reserved.
Nomenclature
Bi Biot number
G, g heat source and dimensionless heat source
h convection heat transfer coefﬁcient
i^; k^ unit vectors in the X- and Z-directions, respectively
I0 laser power density at the center of the beam
k thermal conductivity
Lx, Lz length of the specimen in x and z directions
n^ unit outward surface normal
Nk dimensionless conduction parameter
qk  qn conduction heat ﬂux
qh convection heat ﬂux
qL heat ﬂux due to laser irradiation
Ro laser beam radius at the focal point
T temperature
T1 ambient temperature
Tevap evaporation temperature
u dimensionless temperature
uevap dimensionless evaporation temperature (uevap = 1)
ui, ui+1 dimensionless temperatures at two vertically successive nodes zi and zi+1 at a x-position
x, z dimensionless spatial coordinates
X, Z spatial coordinates
x1, . . . ,x5, z1, . . . ,z5 nodal coordinates of an element
xF, yF, zF half the x, y, z-dimensions of the specimen
zi surface nodal z-coordinate at ith position
znewi new surface nodal z-coordinate at ith position
znewi ; z
old
i actual nodal z-coordinates for iterative computation
Greek Letters
ao absorptivity
e convergence limit for temperature and position
k relaxation factor
C, CT, Ch, CL whole boundary, boundary with known temperature, boundary with convection, and boundary with laser
irradiation
Ci boundary of the inﬂuence domain
Xi inﬂuence domain
1616 M.J. Kim / Applied Mathematical Modelling 36 (2012) 1615–1625from mesh-based methods. This fact makes a list of nodes that lies inside the inﬂuence domain indispensable for each inte-
gration point. Two major drawbacks of EFGM are: (1) usually computationally slower than the FEM for the same accuracy
and (2) difﬁculties in imposing the boundary conditions, especially the Dirichlet type. The meshless local Petrov–Galerkin
(MLPG) method [5] utilizes a weak-form Petrov–Galerkin formulation in a local subdomain along with the MLS approxima-
tion. To impose the essential boundary conditions, it also introduces constraint integrals in the formulation. In fact, the above
methods, DEM, EFGM, and MLPG can be seen as an extension of moving least-squares (MLS) approximations to the contin-
uum. These methods based on MLS were recognized as speciﬁc instances of partitions of unity (PU) [6,7]. The hp-cloud meth-
od employs a scattered set of nodes to build approximate solution in a subdomain. It uses radial basis functions of varying
size of supports and with polynomial reproducing properties of arbitrary order. Also, the moving least squares method is
used to build a partition of unity on the domain of interest. The reproducing kernel particle method (RKPM) employs the
notion of the convolution theorem along with window functions [8,9]. The method of ﬁnite spheres (FSM) [10] is considered
a subset of the meshless local Petrov–Galerkin (MLPG) procedure [11]. The local boundary integral equation uses boundary
integrals in local boundary subdomains (LBIE) [12]. Another attempt to avoid inaccuracy of numerical integration in Galerkin
method is found in the least-squares meshfree methods [13]. A mesh-free minimum length method (MLM) was introduced
for 2-D solids and heat conduction problems [14]. This method uses both polynomials as well as modiﬁed radial basis func-
tions (RBFs) to construct shape functions for arbitrarily distributed nodes based on minimum length procedure.
In another approach, collocation-based formulation is found in point interpolation method (PIM) based on various inter-
polation functions such as polynomials (PPIM) and radial basis functions (RPIM). These methods can use either strong-form
formulation or weak-form formulation or the combination of both (MWS) [15]. These methods satisfy the Kronecker delta
properties at the point of interest and do not need any approximation such as MLS. The strong formmethods tend to be more
sensitive to the derivative boundary conditions. Consequently, for problems with the derivative boundary conditions, local
weak-form is often combined with the strong-form in the domain. A summary of many of the meshfree methods is found in
the book [16].
M.J. Kim /Applied Mathematical Modelling 36 (2012) 1615–1625 1617All the above methods use a set of scattered points in an inﬂuence domain that varies from one to another in size and the
number of points. This requires ﬁnding interpolation functions for every inﬂuence domain and becomes quite computation-
ally expensive apart from integration time.
Alternative approach can be found in ﬁnite (more correctly, ﬁxed number of) point method (FPM) [17–19]. One distinct
feature of FPM is that it uses same number of points in all inﬂuence domains. Therefore, the interpolation functions can be
found once and for all in the master domain. The approximate solution in the master domain is a linear combination of shape
functions and mapped onto the inﬂuence, where it is assembled into global system. The transformation is performed exactly
same as in other mesh-based methods.
The previous paper [20] used a strong form formulation based on isoparametric ﬁnite point interpolation (IFPIM) and pro-
duced comparable results to FEM and BEM with proper care of iteration. However, it was still quite sensitive to the point
distribution. This paper introduces another simple ﬁnite point interpolation method with strong and weak forms to suppress
the sensitivity of the previous method to the mesh. The present method introduces nine and six point inﬂuence domains for
internal and boundary inﬂuence domain, respectively. The inﬂuence domains with these points are quite ﬂexible to cope
with non-uniform mesh. In this paper the ﬁnite number of nodes in the isoparametric representation of inﬂuence domain
is combined with transformation of shape functions from a single master element to all inﬂuence domains just as FEM. It
is computationally very efﬁcient because a single set of shape functions is used in the master element. Most other methods
use variable number of nodes in the inﬂuence domain and the shape functions must be determined in all inﬂuence domains.
The present method (IFPIM) with transformation eliminates all issues related to ﬁnding shape functions in each inﬂuence
domain.
This IFPIM can be formulated in strong- or weak-form or weak–strong form as other methods. The fact that only same
number of points is used in all inﬂuence domains along with simple transformation drastically reduces computational time.
Even when the weak–strong form is used to smooth out the sensitive strong-form methods on the boundary, the computa-
tional time is minimal compared to other methods. Also, using polynomial shape functions with transformation eliminates
the complexity of numerical integration that can be found in other types of methods. Further, the assembled matrix becomes
banded that can be solved very efﬁciently.
In any case it is well known that the local strong form method is simplest to implement and it works ﬁne in many
applications, especially, when only essential conditions exist. However, the method becomes unstable when natural and
mixed type boundary conditions exist and often fail to produce accurate results. This strong localized effect of inﬂuence
domain can be smoothed out by using weak form adopted in many applications. Many methods that use weak forms
introduce background mesh for numerical integration. This makes them background mesh-dependent and thus not truly
meshfree. The present method relies only on the inﬂuence domain even for numerical integration for weak forms and is thus
truly meshfree. This paper shows the effects of weak formulation used on the boundary terms.
The present type of ﬁnite point methods shows that minimal overlapping of inﬂuence domains to cover the whole domain
is more than enough to obtain accurate numerical results as shown in the previous paper [20] as well as in the present paper.2. Modeling of laser machining
High power laser can vaporize materials instantly. In such cases the material removal process can be modeled by single
surface phenomenon. Such analyses can be found in many papers [21–23].
A typical laser installation is shown in Fig. 1 where either the laser head or the table moves relative to the other.
In this paper a two-dimensional slab is considered for laser drilling process that is a subset of laser machining. It is
subjected to a Gaussian laser beam at the top while left and right sides are exposed to convection. The bottom is maintained
at a ﬁxed temperature. The Fig. 2 shows the heat balance on the laser irradiation surface for general laser machining.Fig. 1. Typical laser drilling installation.
Fig. 2. Energy balance on the surface subjected to laser irradiation.
1618 M.J. Kim / Applied Mathematical Modelling 36 (2012) 1615–1625The governing equation for this paper is the steady-state heat conduction equation for laser drilling.r  ðkrTÞ  G ¼ k @
2T
@X2
þ @
2T
@Z2
 !
 G ¼ 0 in X: ð1ÞThe boundary conditions on the boundary C = Cu +Ch +CL can be expressed asT ¼ T0 at Z ¼ Lz on CT ; ð2aÞ
qk ¼ qh at X ¼ Lx=2 on Ch; ð2bÞ
qL þ qk ¼ qh on CL: ð2cÞThe last boundary condition on the surface subject to laser beam (laser irradiation boundary condition) is obtained from the
balance of heat transfer. Here, qL ¼ aoIoðk^  n^ÞeX
2=R20 and qh = h(T  T1), qk ¼ kðn^  rTÞ.
With the introduction of the dimensionless variables [16] as followsx ¼ X
Ro
; z ¼ Z
Ro
; u ¼ ðT  T1ÞðTevap  T1Þ ;
Nk ¼ kðTevap  T1ÞRoaoIo ; Bi ¼
hRo
k
:
ð3ÞEq. (1) and the boundary conditions in Eq. (2) can be rewritten asr  ru g ¼  @
2u
@x2
þ @
2u
@z2
 !
 g ¼ 0 in X ð4Þand the boundary conditions areu ¼ u0 at z ¼ Lz; ð5aÞ
qk ¼ qh at x ¼ Lx=2; ð5bÞ
qk þ qL ¼ qh at z ¼ 0: ð5cÞThe boundary condition of (5b) is a subset of (5c) and can be handled by (5c) that appears in dimensionless form asqk  n^  ru ¼ e
x2
Nk
ðk^  n^Þ þ Biðu u1Þ: ð6Þ3. Two-dimensional formulation of isoparametric ﬁnite point interpolation method
In this paper the nine point inﬂuence domain is used as shown below. The inﬂuence domain is obtained by the central
support point surrounded by eight points. The surrounding points are generally chosen as the nearest points from the eval-
uation point that is not required condition, though. Then, the inﬂuence domain is transformed onto the master domain in
natural coordinates. Here, the local solution is approximated by a linear combination of shape functions as in other methods
such as FEM and BEM.
The local solution in the master domain is approximated by a polynomial function.uNðnÞ ¼
XN
j¼1
ujPjðxÞ ¼ pTðnÞu; ð7Þwhere N is the number of points in the inﬂuence (or master) domain. The evaluation point 1 in Fig. 3 is surrounded by neigh-
boring points. The coefﬁcients uj’s are the nodal unknowns in the problem. The p(n) shown in (8) is the array with the shape
Fig. 3. Inﬂuence domain with nine points.
M.J. Kim /Applied Mathematical Modelling 36 (2012) 1615–1625 1619functions in natural coordinates. The shape functions are chosen to satisfy the Kronecker delta properties at data points and
vanish on the boundary of the inﬂuence domain.pTðnÞ ¼
ð1 n2Þð1 g2Þ; nð1þ nÞð1 g2Þ=2; ngð1þ nÞð1þ gÞ=4;gð1 n2Þð1þ gÞ=2
ngð1þ nÞð1þ gÞ=4; nð1þ nÞð1 g2Þ=2; ngð1 nÞð1 gÞ=4;gð1 n2Þð1þ gÞ=2
ngð1þ nÞð1þ gÞ=4
2
64
3
75: ð8ÞFor evaluation point on smooth boundary, the six point inﬂuence domain in Fig. 4 is used. For corner boundary points, the
four point inﬂuence domain is used that is the positive side of the six point inﬂuence domain.
The shape functions for smooth boundary inﬂuence domain are given aspTðnÞ ¼ ð1 n2Þð1 fÞ; nð1þ nÞð1 fÞ=2; nfð1þ nÞ=2; fð1 n2Þ; nfð1þ nÞ=2;nð1 nÞð1 fÞ=2 : ð9Þ
The shape functions for corner boundary inﬂuence domain arepTðnÞ ¼ ½ð1 nÞð1 fÞ; nð1 fÞ; nf; fð1 nÞ: ð10Þ
Once the shape functions are known, the governing equation can be discretized by substituting the approximate solution in
Eq. (4) after coordinate transformation.
For both interior and boundary inﬂuence domains, the discrete system of equations in strong form becomesXN
j¼1
@2pjðni;giÞ
@x2
þ @
2pjðni;giÞ
@z2
" #
uj ¼ gðxi; ziÞ for i ¼ 1;2; . . . ;N; ð11Þwhere N is the number of points in the inﬂuence domain and the partial derivatives in two coordinates are related as below
with the Jacobian of the transformation, J. J1 is the inverse of the Jacobian matrix. g is the given source function. pj is the jth
shape function.J ¼
@x
@n
@z
@n
@x
@f
@z
@f
" #
;
@
@x
¼ J111
@
@n
þ J112
@
@f
;
@
@z
¼ J121
@
@n
þ J122
@
@f
: ð12ÞThe weak form of the equation for an inﬂuence domain can be obtained by using the divergence theorem as0 ¼
Z
Xi
 @
2u
@x2
 @
2u
@z2
 g
" #
dudXi ¼
Z
Xi
@u
@x
@du
@x
þ @u
@z
@du
@z
 gdu
 
dXi 
I
Ci
nx
@u
@x
þ nz @u
@z
 
dudCi
¼
Z
Xi
@u
@x
@du
@x
þ @u
@z
@du
@z
 gdu
 
dXi þ
Z
C
qkdudC: ð13ÞHere, the conduction heat ﬂux on the boundary is qk   nx @u@x þ nz @u@z
 	
. Note that all interior boundary integrals dropped out
because the shape functions disappear on the interior boundary.
Once the approximate solution is substituted into the weak form, the equation becomes a set of linear equations in matrix
formFig. 4. Inﬂuence domain for points on the boundary.
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j¼1
Kijui ¼ Fi for i ¼ 1;2; . . . ;N; ð14ÞwhereKij ¼
Z
X
@pi
@x
@pj
@x
þ @pi
@z
@pj
@z
 
dX
Fi ¼
Z
X
gpi dX
Z
C
qkpi dC:The natural boundary conditions where heat ﬂuxes are known, the discrete equation in strong form becomesXM
j¼1
n^  rpjðxi; ziÞ
 
uj ¼ qnðxi; ziÞ for i ¼ 1;2; . . . ;M; ð15Þwhere M is the number of points of the boundary inﬂuence domain. For convection boundary conditions, the discrete equa-
tion from the energy balance becomesXM
j¼1
½n^  rpjðxi; ziÞ  Bipjuj ¼ Biu1 for i ¼ 1;2; . . . ;M: ð16ÞFor laser irradiation boundary condition, the equation becomesXM
j¼1
½n^  rpjðxi; ziÞ  Bipjuj ¼ e
x2
i
Nk
ðk^  n^Þ  Biu1 for i ¼ 1;2; . . . ;M: ð17ÞThe convection boundary condition is a subset of the laser irradiation boundary conditions and can be handled by the latter.
The weak form of the laser irradiation boundary condition becomesZ
C
qkdudC ¼
Z
C
ex
2
Nk
ðk^  n^Þ þ Biðu u1Þ
" #
dudC ¼
Z
C
ex
2
Nk
ðk^  n^Þ  Biu1
" #
pi dCþ
Z
C
Bi pi pj dC ð18Þand the matrix equation can be modiﬁed asKij ¼
Z
X
@pi
@x
@pj
@x
þ @pi
@z
@pj
@z
 
dXþ
Z
C
Bi pi pj dC;
Fi ¼
Z
X
gpidX
Z
C
ex
2
Nk
ðk^  n^Þ  Biu1
" #
pi dC:
ð19Þ4. Veriﬁcation
In order to verify the validity of the present method with various boundary conditions, two cases are ﬁrst considered. First
veriﬁcation problem is a two-dimensional problem that was also used by Wang et al. [17].d2u
dx2
þ d
2u
dy2
¼ 0; 0 < x < 1; 0 < y < 1
uð0; yÞ ¼ y3; uð1; yÞ ¼ 1 y3 þ 3y2 þ 3y
du
dy





y¼0
¼ 3x2; du
dy





y¼1
¼ 3þ 6xþ 3x2
uexactðx; yÞ ¼ x3  y3 þ 3xy2 þ 3x2y:
ð20ÞThe convergence of various methods with number of points has been studied and is shown in Fig. 5 for relative logarithmic
error. The case Q5 and Q9 represent the results of ﬁve and nine point interpolations, respectively, using only strong forms.
The result of the present Q5 case is same as that of the previous [20] because the mesh is uniform. The result fromWang et al.
[17] is plotted only for reference. All methods converge fast as the number of points in the domain increases. It is noted that
the Neumann type of boundary conditions can be handledmuch better by strong form than the weak form and consequently,
the weak form is not used.
The Fig. 6 for Q5 method shows the numerical results against analytical solution and the corresponding banded system
matrix that can be solved very efﬁciently by a banded matrix solver.
Second veriﬁcation problem is Poisson’s equation that was also used by Wang et al. [15] as shown below in 0 < x, y < 1.
Fig. 5. Convergence of various methods in uniform point distribution.
Fig. 6. (a) Numerical results in symbols against the analytical solution in patch for Q5 method in 6  6 mesh and (b) the banded system matrix.
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dx2
þ d
2u
dy2
¼ 6x 6y 4
a2
 4 x b
a2
 2
 4 y b
a2
 2" #
exp  x b
a
 2
 y b
a
 2" #
uð0; yÞ ¼ y3 þ exp  b
a
 2
 y b
a
 2 !
;uð1; yÞ ¼ 1 y3 þ exp  1 b
a
 2
 y b
a
 2 !
@u
@y





y¼0
¼ 2b
a2
exp  x b
a
 2
 0 b
a
 2 !
;
@u
@y





y¼1
¼ 3 2 1 b
a2
 
exp  x b
a
 2
 1 b
a
 2 !
uexactðx; yÞ ¼ x3  y3 þ exp  x ba
 2
 y b
a
 2" #
: ð21ÞThe Fig. 7 shows the convergence of various methods in uniform mesh. In this case of highly localized solution at the center
of the domain, the present method along with that from Wang et al. converges to a value near 2 (i.e., 1% error) and con-
vergence is very slow compared to FEM. It may be attributed to the number of points in the inﬂuence domain. This excep-
tional case with highly localized gradient is to test the robustness of the present method.
The two cases above show that the shape of the inﬂuence domain affects the numerical results as the types of problem do.
For Laplace problem, the Q5 results converge faster than the Q9 results while the Q9 results do faster than the Q5 results for
Poisson problem.5. Computational method
There is no heat source (g = 0) in the present problem and the parameters chosen for the study of laser drilling are
Bi = 0.0001, Nk = 0.4, u1 = 0 that were also used in the papers for strong form IPIM, FEM and BEM [20,22,23]. The size of
the slab is 16  2.5. These values represent a typical laser drilling parameters of Aluminum with 1 kW laser.
Fig. 7. Convergences of various methods for uniform distribution.
1622 M.J. Kim / Applied Mathematical Modelling 36 (2012) 1615–1625The boundary shape is not known a priori for the laser irradiation boundary. Thus, the initial domain is assumed and an
iterative scheme is used to ﬁnd the boundary shape that meets the energy balance. The initial shape is a rectangle domain in
uniform mesh. Imposing the boundary conditions the ﬁrst computation is carried out. Once the temperatures are known at
points, the balance of heat transfer on the laser irradiation boundary is checked and the points above the evaporation tem-
perature are moved farther away from the laser. This movement is done column by column allowing the points to move only
along vertical direction. This simulates the material removal process. The Fig. 8 shows initial shape of the slab with boundary
conditions.
The points that should have melted being above the evaporation temperature is moved away from the laser. This geomet-
rically nonlinear problem is highly unstable and needs some relaxation in computation. A linear interpolation is used along
with a relaxation factor to ﬁnd the new surface position.znewi ¼ zi þ
ziþ1  zi
ui  uiþ1 ðui  uevapÞ; ð22Þwhere i and i + 1 denotes two successive values in a vertical column of nodes. Once znewi is computed, the actual new value for
next iteration is relaxed byzactuali ¼ kznewi þ ð1 kÞzi: ð23Þ
The iteration continues until the temperature distribution and nodal positions satisfy the following relative error criteria that
are both chosen as 0.01.Etemp ¼
XN
j¼1
unewj  uoldj
 2
=
XN
j¼1
unewj
 2" #1=2
; ð24Þ
Epos ¼
XN
j¼1
znewj  zoldj
 2
=
XN
j¼1
znewj
 2" #1=2
: ð25ÞVarious cases with combinations of strong and weak forms have been tested. Table 1 and Fig. 9 below show the results. Q5
and Q9 denote the ﬁve and nine point interpolation methods using only strong forms in present methods. The result of Q5
case is not same as that of the previous paper Q5 [20] in this case because the mesh is not uniform. DI and LI denotes the
domain and boundary integrations for weak forms used. For example, Q9-LI denotes the case for Q9 with strong form in the
domain and weak form on the boundary.Fig. 8. Initial mesh and boundary conditions for laser drilling problem.
Table 1
Comparison of max groove depth with present IFPIM, FEM and BEM.
Mesh Q5 [23] Present Q5 Present Q9 Present Q9-LI Present Q9-DI-LI FEM BEM
10  5 1.30923 0.22423 2.01187 1.62363 1.82239 2.07698 1.80271
20  5 1.35060 0.60415 1.92048 1.75349 1.89829 1.94629 1.87860
40  5 1.72545 0.96500 1.87288 1.81705 1.87295 1.88849 1.87012
80  5 1.88787 1.20402 1.82456 1.86271 1.87029 1.87892 1.87767
Fig. 9. Maximum groove depths of various methods with the number of points.
Fig. 10. Groove shapes in iteration for various meshes.
Fig. 11. Surface temperature vs iteration.
M.J. Kim /Applied Mathematical Modelling 36 (2012) 1615–1625 1623
1624 M.J. Kim / Applied Mathematical Modelling 36 (2012) 1615–1625The Q5 results do not converge to the correct value indicating the number of points in the inﬂuence domain must be
greater than ﬁve for this type of problems. Q9 and FEM converge in a similar manner as Q9-DI-LI and BEM converge in a
similar manner. Q9-LI converge to the correct value with enough number of points and can be used to save computational
time considerably.
In the following Figs. 10 and 11 the groove shapes and surface temperatures for Q9-LI case are shown in iteration. The
unstable oscillation during iteration that were observed in strong form method of Q5 has disappeared with the combination
of weak form in the present method. Also, the narrower grooves predicted by the previous method have been corrected to
yield comparable shapes to those of FEM and BEM.
The heat ﬂuxes computed at nodal points are shown in Fig. 12).
Next, the groove shapes of various methods are compared in Fig. 13. The Q5 case [20] produces narrower groove despite
that the max groove depth is comparable to those of FEM and BEM. The Q9 case produces groove shape that tapers at the
end. The present method Q9-LI case produces very close result to those of Q9-DI-LI, FEM, and BEM. The present method
Q9-DI-LI produces almost same result to those of FEM and BEM, but it is very expensive computationally due to integrals
in the domain. Since the Q9-LI and Q9-LI-DI cases are almost same and produce very close results to FEM and BEM, the
Q9-LI case is the best case.
Finally, the amount of material removed is also compared in Table 2. The results show excellent agreements of the
present method Q9-LI to those of FEM and BEM. The Q9-DI-LI case produces almost same result as that of Q9-LI at the greatFig. 12. Heat ﬂuxes for various cases.
Fig. 13. Comparison of groove shapes.
Table 2
Comparison of max groove depth with present IFPIM, FEM and BEM.
Mesh Q5 [23] Present Q9 Present Q9-LI Present Q9-DI-LI FEM BEM
80  5 2.18456 2.43756 2.70298 2.70766 2.72126 2.68493
% of FEM 80.27 89.57 99.32 99.50 100 98.66
M.J. Kim /Applied Mathematical Modelling 36 (2012) 1615–1625 1625expense of the computational time. The present results of Q9-LI and Q9-LI-DI cases show that the integrating scheme (i.e.,
smoothing scheme of strong form) on the boundary is much more important for numerical results than that in the domain
that may have negligible effects in this case.
The present paper demonstrates that a simple meshfree isoparametric ﬁnite point interpolation method with combina-
tion of strong and weak forms can produce excellent results that agree with those of other methods such as FEM and BEM.
The present method does not discuss the 3D effects on the groove shapes. The paper [22] shows that the 2D numerical
methods predict roughly three times deeper groove depth than 3D methods.
6. Conclusions
A meshfree isoparametric ﬁnite point interpolation method with combination of strong and weak forms is presented to
solve material removal process in laser drilling. The present method is very simple in its form and fast in execution because
strong form is used in the domain and the weak form is used only on the boundary. The present method utilizes nine and six
points in the inﬂuence domains of the interior domain and the boundary respectively that are ﬁxed same for all inﬂuence
domains. It overcomes the sensitivity of the strong form by using weak form on the boundary inﬂuence domain. It is
computationally very efﬁcient due to isoparametric mapping and yields excellent agreement with the results of FEM and
BEM. The present method is successfully applied to highly localized laser irradiation boundary condition in geometrically
nonlinear problem. It is also shown that the present method can handle irregular mesh in the material removal process.
Further, it is demonstrated that the domain can be covered minimally with small, but enough, inﬂuence domains to produce
accurate numerical results. This fact renders the present method muchmore efﬁcient than other meshfree methods based on
a set of varying points.
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